Abstract. We shall generalize the notion of the strong Morita equivalence for coactions of a finite dimensional C * -Hopf algebra on a unital C * -algebra and define the Picard groups with respect to the generalized strong Morita equivalence. We call them the generalized Picard groups for coactions of a finite dimensional C * -Hopf algebra on a unital C * -algeba. We shall investigate basic properties of the generalized Picard groups and clarify the relation between the generalized Picard groups and the Picard groups for unital inclusions of unital C * -algebras.
Introduction
In [14] , we introduced the notion of the strong Morita equivalence for coactions of a finite dimensional C * -Hopf algebra on a unital C * -algebra and in [10] we defined the finite dimensional C * -Hopf algebra coaction equivariant Picard group of a unital C * -algebra. We note that this equivariant Picard group can be regarded as the Picard group for the coaction of the finite dimensional C * -Hopf algebra on the unital C * -algebra. Furthermore, in [15] and [11] we introduced the notion of the strong Morita equivalence for unital inclusions of unital C * -algebras and defined the Picard groups for them. In this paper, we shall generalize the notion of the strong Morita equivalence for coactions of a finite dimensional C * -Hopf algebra on a unital C * -algebra and we shall define the Picard groups with respect to the generalized strong Morita equivalence. We call them the generalized Picard groups for coactions of a finite dimensional C * -Hopf algebra on a unital C * -algebra. Also, we shall give the similar results to [14] , [10] , [15] and [11] . Furthermore, we shall clarify the relation between the generalized Picard groups and the Picard groups for unital inclusions of unital C * -algebras.
Preliminaries
Let H be a finite dimensional C * -Hopf algebra. We denote its comultiplication, counit and antipode by ∆, ǫ, and S, respectively. We shall use Sweedler's notation ∆(h) = h (1) ⊗ h (2) for any h ∈ H which surppresses a possible summation when we write comultiplications. We denote by N the dimension of H. Let H 0 be the dual C * -Hopf algebra of H. We denote its comultiplication, counit and antipode by ∆ 0 , ǫ 0 and S 0 , respectively. There is the distinguished projection e in H. We note that e is the Haar trace on H 0 . Also, there is the distinguished projection τ in H 0 which is the Haar trace on H. Since H is finite dimensional, H ∼ = ⊕ . . , f k } be systems of matrix units and comatrix units of H 0 , respectively. Let A be a C * -algebra and M (A) its multiplier algebra. Let p, q be projections in A. If p and q are Murray-von Neumann equivalent, then we denote it by p ∼ q in A. We denote by id A and 1 A the identity map on A and the unit element in A, respectively. We simply denote them by id and 1 if no confusion arises. Let Aut(A) be the group of all automorphisms of A and for any α ∈ Aut(A), let α be the automorphism of M (A) induced by α. Also, for any twisted coaction (ρ, u) of H 0 on A, let (ρ, u) be the twisted coaction of H 0 on M (A) induced by (ρ, u). Let A be a C * -algebra and (ρ, u) a twisted coaction of H 0 on A. Let f 0 be a C * -Hopf algebra automorphism of H 0 . Let (ρ f 0 , u f 0 ) be the twisted coaction of H 0 on A induced by (ρ, u) and f 0 , which is defined by
Let (σ, v) be a twisted coaction of H 0 on a C * -algebra B and (σ f 0 , v f 0 ) the twisted coaction of H 0 on B induced by (σ, v) and f 0 . For any C * -Hopf algebra automorphism f 0 of H 0 , let f be the C * -Hopf algebra automorphism of H induced by f 0 , which is defined by
for any h ∈ H, φ ∈ H 0 .
Lemma 2. Proof. Since (ρ, u) and (σ, v) are strongly Morita equivalent, there are an A − Bequivalence bimodule X and a twisted coaction λ of H 0 on X with respect to (A, B, ρ, u, σ, v) (See [14] ). Let λ f 0 be the linear map from X to X ⊗ H 0 defined by λ f 0 = (id ⊗ f 0 ) • λ. By routine computations, we can see that λ f 0 is a twisted coaction of H 0 on X with respect to (A, B, ρ f 0 , u f 0 , σ f 0 , v f 0 ). Indeed, for any a ∈ A, x ∈ X, λ f 0 (a · x) = (id ⊗ f 0 )(λ(a · x)) = (id ⊗ f 0 )(ρ(a) · λ(x)).
Since ρ(a) ∈ A ⊗ H 0 and λ(x) ∈ X ⊗ H 0 , we can write that
where a i ∈ A, x j ∈ X, φ i , ψ j ∈ H 0 . Hence
Since λ(x), λ(y) ∈ X ⊗ H 0 , we can write that
Let A, B be C * -algebra. For any A − B-equivalence bimodule X, let X be the dual B − A-equivalence bimodule. For any x ∈ X, we denote by x the element in X induced by x ∈ X.
Generalized strong Morita equivalence for coactions
Definition 3.1. Let (ρ, u) and (σ, v) be twisted coactions of H 0 on A and B, respectively. The twisted coaction (ρ, u) is generalized strongly Morita equivalent to the twisted coaction (σ, v) if there are C * -Hopf algebra automorphisms f 0 , g 0 such that (ρ f 0 , u f 0 ) is strongly Morita equivalent to (σ g 0 , v g 0 ).
Lemma 3.1. The generalized strong Morita equivalence for twisted coactions of a finite dimensional C * -Hopf algebra on C * -algebras is an equivalence relation.
Proof. This is immediate by routine computations and Lemma 2.1. Indeed, it suffices to show transitivity since the other conditions clearly hold. Let A, B, C be C * -algebras and (ρ, u), (σ, v), (γ, w) twisted coaction of H 0 on A, B, C, respectively. We suppose that (ρ, u) is generalized strongly Morita equivalent to (σ, v) and that (σ, v) is generalized strongly Morita equivalent to (γ, w). Then there are C * -Hopf algebra automorphisms f ) is strongly Morita equivalent to
). Hence by [14, Proposition 3.7] , (ρ f 0
). Therefore (ρ, u) is generalized strongly Morita equivalent to (γ, w).
Modifying [10] , we shall define the generalized Picard group for a twisted coaction of a finite dimensional C * -Hopf algebra on a C * -algebra. Let A be a C * -algebra and H a finite dimensional C * -Hopf algebra with its dual C * -Hopf algebra H 0 . Let (ρ, u) be a twisted coaction of H 0 on A. Let (X, λ, f 0 ) be a triplet of an A − A-equivalence bimodule X, a twisted coaction λ of H 0 on X with respect to (A, A, ρ, u, ρ f 0 , u f 0 ) and a C * -Hopf algebra automorphism f
H (A) be the set of all such triplets (X, λ, f 0 ) as above. We define an equivalence relation ∼ in GEqui 
v). We suppose that there is an
We have only to show that
That is, we show that
for any x ∈ X, y ∈ Y and h ∈ H. Indeed, since
for any x ∈ X, y ∈ Y , h ∈ H. Therefore, we obtain the conclusion.
Similarly, we obtain the following lemma: 
Let f 0 be a C * -Hopf algebra automorphism. Let (ρ, u), (σ, v) be as above. Also, let λ ′ and X ′ be as Lemma 3.2.
Lemma 3.4. With the above notations, we suppose that there is an
Proof. We can prove the lemma by routine computations. Indeed,
Proof. This is immediate by Lemmas 3.2, 3.3 and 3.4.
We regard A as an A − A-equivalence bimodule in the usual way. We sometimes denote it by A A A . We also regard a twisted coaction (ρ, u) of H 0 on A as a twisted coaction of H 0 on the A − A-equivalence bimodule A A A with respect to (A, A, ρ, u, ρ, u).
for any x ∈ X. We note that X ⊗ H 0 is identified with X ⊗ H 0 by the map 
for any x ∈ X. Thus by Lemma 2.1,
H (A). Indeed, we identify X ⊗ A X and X ⊗ A X with A by the maps
respectively. Hence for any h ∈ H, x, y ∈ X,
H (A). By the above product, GPic ρ,u H (A) is a group. We call it the generalized Picard group of a twisted coaction of (ρ, u) of H 0 on A.
Remark 3.6. If (ρ, u) and (σ, µ) are generalized strongly Morita equivalent twisted coaction of H 0 on A and B, respectively, then GPic
. Indeed, since (ρ, u) and (σ, v) are generalized strongly Morita equivalent, there are a C * -Hopf algebra automorphism g
is a twisted covariant system by Lemmas 2.1 and 3.1. We define the map Φ from GPic
Then by routine computations, we can see that Φ is an isomorphism of GPic 
. By the definition of η, Im  = Ker η. Thus, we have the exact
Furthermore, let κ be the map from Aut(H 0 ) to GPic
It follows that κ is a homomorphism of Aut(H 0 ) to GPic
Modifying [3] and [10] , for each α ∈ Aut
. Let X α be the vector space A with the obvious left action of A on X α and the obvious left Avalued inner product, but we define the right action of A on X α by x · a = xα(a) for any x ∈ X α , a ∈ A and define the right A-valued inner product by x, y A = α(x * y) for any x, y ∈ X α . Then by [3] , X α is an A − A-equivalence bimodule. Also, ρ can be regarded as a linear map from X α to an
We denote it by λ α . By easy computations, λ α is a twisted coaction H 0 on X α with respect to (A, A, ρ, u, ρ f 0 , u f 0 ). Thus we obtain the map Φ f 0 :
(A) and let Φ be the map from G to GPic
, where f 0 ∈ Aut(H 0 ). We note that by easy computations, G is a subgroup of Aut(A).
Lemma 3.8. With the above notations, the map
Let π be the map from X α ⊗ A X β to X α•β defined by
for any x ∈ X α , y ∈ X β . By easy computations, π is an A−A-equivalence bimodule isomorphism of
Therefore, we obtain the conclusion.
Let Int ρ,u H (A) be the group of all generalized inner automorphisms Ad(v) satisfying that v is a unitary element in
Also,
is a normal subgroup of G. We denote by ı the inclusion map from Int and α ∈ Aut 
Hence Ker Φ ⊂ Im ı. Therefore, we obtain the conclusion.
Let A be a unital C * -algebra and K the C * -algebra of all compact operators on a countably infinite dimensional Hilbert space. Let A s = A ⊗ K. Let ρ be a coaction of H 0 on A and ρ s the coaction of H 0 on A s induced by ρ, that is, ρ s = ρ ⊗ id K . Let Φ be the map from G to GPic We suppose that ρ(1
for any a ∈ A, h ∈ H, which satisfies that
where f is the C * -Hopf algebra automorphism of H induced by f 0 , that is
Let [X, λ, f 0 ] be any element in GPic 
ρ s -equivalence bimodule. Let C be the linking C * -algebra for X and γ the coaction of H 0 on C induced by ρ s and λ. Let C γ be the fixed point C * -algebra of C for γ. Then by [10, Lemma 4.6], C γ is isomorphic to C 0 , the linking C * -algebra for X λ . We identify C γ with C 0 . Let
.
Since M (C) γ = M (C γ ) by [10, Lemmas 2.9 and 4.7], p and q are full for C γ such that w * w = p , ww * = q. We note that w ∈ M (C). Let α be the map on A 
where we identify
. Therefore, we obtain the following lemma: Lemma 3.10. With the above notations, we suppose that
Proof. This is immediate by the above discussions and Lemma 3.8. 
Proof. This is immediate by Lemmas 3.9 and 3.10.
Crossed products
Let H be a finite dimensional C * -Hopf algebra with its dual C * -Hopf algebra 
where a ∈ A, h ∈ H and f is a C * -Hopf algebra automorphism of H induced by f 0 . By the above isomorphism π, we can regard λ as a coaction of H on X ⋊ λ H with respect to (A ⋊ ρ,u H , A ⋊ ρ,u H , ρ , ( ρ) f ), where ( ρ) f = (id ⊗ f ) • ρ. Thus we obtain the element
Let F be the map from GPic
We can see that F is well-defined in a straightforward way. In this section, we show that F is an isomorphism of GPic
where j is the C * -Hopf algebra automorphism of
By [10, Lemmas, 7.1 and 7.2], there is an
for any x ∈ X, y ∈ Y , h ∈ H and φ ∈ H 0 . Then Φ is defined by
for any x ∈ X, y ∈ Y and h ∈ H. Let π A (resp. π
for any a ∈ A, h ∈ H. Then by [16, Lemma 6.1], π A and π
for any y ∈ Y , h ∈ H. Clearly π Y is surjective.
Lemma 4.1. With the above notations, the following conditions hold:
Proof. We can prove Conditions (1)-(4) in a straightforward way by the definitions of π A , π 
On the other hand,
Hence we obtain the conclusion.
Lemma 4.2. With the above notations, the map F is a homomorphism of GPic
By the discussions before Lemma 4.1, there is an
for any x ∈ X, y ∈ Y , h ∈ H and φ ∈ H 0 . Since we identify A ⋊ ρ f 0 ,u f 0 H with A⋊ ρ,u H in the tensor product (X ⋊ λ H)⊗ A⋊ρ
by the isomorphism π A , by Lemma 4.1, we can see that
Next, we construct the inverse homomorphism of F from GPic [10, Section 9] . By the above discussions, there is the homomorphism of F of GPic
as follows: Let X ΨA = X as vector spaces. For any x, y ∈ X ΨA and a ∈ A ⊗ M N (C),
We regard λ as a linear map from X ΨA to X ΨA ⊗ H 0 . We denote it by λ ΨA . Then
. By easy computations, the map
is well-defined and it is an isomorphism of GPic N (C)) . We denote by G 1 the above isomorphism. Furthermore, the coaction ρ of H 0 on A ⊗ M N (C) is exterior equivalent to the twisted coaction (ρ ⊗ id, u ⊗ I N ) since 
, we obtain the conclusion. 
Preparation
In this section, we prepare some results for the next section. are the canonical conditional expectations from C and D onto A, respectively defined by 
Hence η preserves the left C-valued and the right D-valued inner products. Therefore, we obtain the conclusion, Let ρ and σ be the dual coactions of (ρ, u) and (σ, v), respectively and let 1 , respectively and we identify C 1 and D 1 with the C * -algebra B A (C), the C * -algebra of all adjointable right Amodule maps on C and B A (D), the C * -algebra of all adjointable right A-module maps on D, respectively. Then by easy computations,
2 . Indeed, we note that 1 A ∈ A is regarded as an element
Therefore, E ρ,u
Lemma 5.2. With the above notations,
Indeed, since 1 A is regarded as an element
By the above lemma, we obtain the following corollary: 
In the same way as Corollary 5.3, we obtain the following lemma:
Lemma 5.4. With the above notations, let Ψ be the isomorphism of Proof. Let λ ρ be the linear map from C 1 Ψ to C 1 Ψ ⊗ H 0 defined by
for any x ∈ C 1 Ψ . Then λ ρ is a coaction of H 0 on C 1 Ψ with respect to (
Also, for any x, y ∈ C 1 Ψ ,
Furthermore,
Lemma 5.6. With the above notations,
Proof. We note that
for any x ∈ C 1 , h ∈ H. By easy computations, Θ is a C 2 −D 2 -equivalence bimodule isomorphism of C 2 Ψ onto C 1 Ψ ⋊ λ ρ H. Therefore, we obtain the conclusion.
Since C 
as C 2 − D 2 -equivalence bimodules. Therefore, we obtain the following proposition:
Proposition 5.7. Let H be a finite dimensional C * -Hopf algebra with its dual 
6. The generalized Picard groups for coactions and the Picard groups for inclusions of unital C * -algebras
In this section, we shall investigate the relation between the generalized Picard groups for coactions of a finite dimensional C * -Hopf algebra on a unital C * -algebra and the Picard groups for unital inclusions of unital C * -algebras induced by the coaction.
Let H be a finite dimensional C * -Hopf algebra with its dual C * -Hopf algebra H 0 . Let (ρ, u) be a twisted coaction of H 0 on a unital C * -algebra A. Then we have the unital inclusion of unital C * -algebras, A ⊂ A ⋊ ρ,u H. Hence we can obtain the generalized Picard group GPic ρ,u H (A) for the twisted coaction (ρ, u) and the Picard group Pic(A, A ⋊ ρ,u H) for the unital inclusion of unital
for any a ∈ A, h ∈ H, where f is the C * -Hopf algebra automorphism of H induced by f 0 . Furthermore, by routine computations, we can see that X and X ⋊ λ H satisfy Conditions (1), (2) in [15, Definition 2.1]. Thus we can define the map θ from GPic
H (A). We note that θ is well-defined by routine computations. We show that θ is a homomorphism of GPic
We note that
H by the isomorphisms π f 0 , π g 0 and π f 0 •g 0 defined respectively as follows:
for any x ∈ X, y ∈ Y , h ∈ H. For any x ∈ X, y ∈ Y , h, l ∈ H,
, where x ∈ X, y ∈ Y , h ∈ H. Thus Φ is surjective. Also, its inverse map Φ −1 is following:
). Hence Φ preserves the right A ⋊ ρ,u H-inner products. Therefore, by the remark after Jensen Thomsen [6, Definition 1.
by the definition of Φ. Therefore θ is a homomorphism of GPic 
as C 2 − D 2 -equivalence bimodules and
Furthermore, by [11, Lemmas 3.4 and 3.5] the inclusions Z 1 ⊂ Z 2 and
are strongly Morita equivalent as unital inclusions of unital C * -algebras. Also, we recall that by Proposition 5.7, there are the C * -Hopf algebra automorphism f of H and the coaction λ of H on Z 1 with respect to (C 2 , D 2 , ρ, β f ) such that
as C 3 − D 3 -equivalence bimodules. Hence
as C 3 − D 3 -equivalence bimodules. Thus by Lemma 6.2,
in Pic(C 2 , C 3 ). Then in Pic(C, C 1 ). Therefore, we obtain the conclusion. 
Hence by Lemma 6.3, θ is surjective.
Next, we shall show that 
